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Tilings

Alphabet: finite set of

colours Configuration on the alphabet >

s—(H N — Z—c9|our|ng of-Z2 that does

attern

A set F of forbidden, fi-
nite patterns:

]—‘:{I--}

The set of all the valid
configurations is called a
subshift, denoted by Xr
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Tilings and Subshifts

If the family of forbidden patterns F is finite, then Xx is a subshift of
finite type (SFT).
Despite being described by finite information, they are quite complicated
objects; given a SFT X, all those problems are undecidable:

o Is X empty ?

@ Does X contain an aperiodic configuration ?

@ How many patterns of size n x n are there in X ?
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Projective Fundamental Group

Projective Fundamental Group

We study a conjugacy (= isomorphism for subshifts) invariant: the

projective fundamental group, defined by W.Geller and J.Propp in
1995 ([GP95]).

Idea: mimic the definition of the fundamental group in topology.
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Projective Fundamental Group

Let X a subshift. Fix a finite B C Z?. We define two things: paths, and
what it means for paths to be homotopic (or deformation-equivalent)
A path is:
@ a sequence (vj, Pi)o<i<: of centered patterns, where
e (v;), the trajectory, is a walk in Z?2 (=a sequence of adjacent
points)
e (P;) is a sequence of patterns of X of support B centered in v;

Local consistency:

| 5 .
T

:%;

Léo Paviet Salomon 4 /18



Projective Fundamental Group

A path is not required to stay in the same configuration:

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:
& .
L[

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:
& .
L[

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:
& .
L[

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

e

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to-stay-injthe;same configuration:

= A

+

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

+

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

Léo Paviet Salomon 5 /18



Projective Fundamental Group

A path is not required to stay-injthe;same configuration:

PA=N

A path that stays within a single configuration is coherent.
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Projective Fundamental Group

Homotopic paths: paths that be deformed into one another with a finite
sequence of such elementary deformations.
We can therefore define for each window B C Z? a fundamental group

B(y).
77 (X):
@ Group elements are (equivalence classes of) loops

@ The group operation is the concatenation of loops

(To get a single object, we need a way to combine all those groups 7£(X) in a
single group m1(X): we take the projective limit of those groups — not
important here)
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Finitely Presented Groups
Sketch of the proof

Realizing Finitely Presented Groups

A natural question is to determine if we can realize arbitrary groups as
fundamental groups of some subshifts.

A first answer in the original article: we can at least make all the finite
groups.

We show that we can in fact realize (at least) all the finitely presented
groups.
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Realizing Finitely Presented Groups Skatchichithalproch

Group presentation: example

Point of view about group presentations: rewriting theory
@ Group elements are words on an alphabet (generators)

@ Two words are the same if we can rewrite one into the other by
inserting/deleting relators

Ty x 73 = {a,b,a,b' | a* , b*  aba'b,aa’ a'a, bb', b'b):

n r2 r3

abbab = abbbb’ab
= ab’ab
= ab’aaba’b'b
= ab'bad
= aad’
=1
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Main theorem

Theorem (P., Vanier [PSV23])

Every finitely presented group is the projective fundamental group of
some SFT.
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Finitely Presented Groups

Realizing Finitely Presented Groups Skatchichithalproch

Main theorem

Theorem (P., Vanier [PSV23])

Every finitely presented group is the projective fundamental group of
some SFT.

The idea of the construction is to see paths in the subshift as words on
the alphabet of generators, and their deformation as relations. More
precisely:

@ Some tiles will correspond to generators

@ Paths will correspond to words on those generators

@ Local rules will ensure that deformations correspond to
insertion/deletion of relators
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Finitely Presented Groups

Realizing Finitely Presented Groups Sketch of the proof
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Let G = (S| R) a finitely presented group. Consider the tiles:
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Realizing Finitely Presented Groups Sketch of the proof

A set of tiles

Let G = (S| R) a finitely presented group. Consider the tiles:

Foreachr;...r, € R:

For each generator s € S: ﬁ_ +rl _)j I
J\ B '('| |_)_ ' n R,iflll:zi Rn—1
R; = fresh colour

and a single empty tile corresponding to the
prefix ri...r:

Matching rules: wires can't stop, i.e. all the following are forbidden

1
) -

Y
S
Y

Léo Paviet Salomon 11 / 18
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Realizing Finitely Presented Groups Sketch of the proof

Configurations

Configurations look like this:
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Realizing Finitely Presented Groups Sketch of the proof

From paths to words

To a path p, we associate a unique word on the alphabet SU S,
denoted by [p], defined by the wires that it crosses.

TET

a b c

For this path p, [p] = bb™ta tabcc bt =¢ 1.
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Homotopic implies equal

Claim: in a given configuration and between 2 given endpoints, all the
paths are associated to the same element of G
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Realizing Finitely Presented Groups

Homotopic implies equal

Claim: in a given configuration and between 2 given endpoints, all the
paths are associated to the same element of G

a b c

~> (1) abc = 1¢

Relation tiles

Relation abc = 1¢
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Realizing Finitely Presented Groups

Only a single wire at a time

Deformation of p into p’ in a single configuration to see only one wire
per pattern.
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Finitely Presented Groups
Sketch of the proof

Realizing Finitely Presented Groups

Series of such tricks:
@ All the equivalent loops are associated to the same group element
@ All the loops associated to the same group element are equivalent
Therefore the fundamental group is G = (S | R)
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Realizing Finitely Presented Groups Sketch of the proof

Normalizing coherent paths

The previous remarks mean that a coherent path can be put into some
kind of normal form. However, all loops need not be coherent — even
when the fundamental group is trivial !

Solution: decompose a loop into a sequence of coherent paths, and add
contractible loops at the junction.
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Realizing Finitely Presented Groups

Path decomposition
Whenever we have a incoherent path, we can split it in nermalized

coherent paths:
!
1
cxeX

!
/ <
.
P
! -
P
/ P
/\/\/\/\/\/\/\/\/\M/\/\/\/\/\/\/\/\/\
18 / 18
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Path decomposition
Whenever we have a incoherent path, we can split it in normalized

coherent paths:
!
!
1
cx'eX
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Path decomposition

Whenever we have a incoherent path, we can split it in normalized
coherent paths:

Loop in x’: contractible
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Realizing Finitely Presented Groups Sketch of the proof

Path decomposition

Whenever we have a incoherent path, we can split it in normalized
coherent paths:

( ) Loop in x’: contractible

This means that we can deform the path so that each sub-coherent path
starts and ends with empty patterns: can deform them independently.
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